Abstract. -We provide a rigorous analysis for the so-called endlessly continuable germs of holomorphic functions or in other words, the Ecalle's resurgent functions. We follow and complete an approach due to Pham, based on the notion of discrete filtered set Ω⋆ and the associated Riemann surface defined as the space of Ω⋆-homotopy classes of paths. Our main contribution consists in a complete though simple proof of the stability under convolution product of the space of endlessly continuable germs.
Introduction
In resurgence theory, one has to deal with holomorphic functions that are "endlessly continuable". Intuitively, a function Φ holomorphic on a domain is endlessly continuable if Φ can be analytically continued along any path on C apart from a discrete set of points. However, this set may be everywhere dense and is so for many important applications.
There exist various definitions of "endless continuability". For all of them, the following conditions are required : the convolution product preserves the space of endless continuable functions and the alien operators act on this space.
The more general approach is certainly that of Ecalle [8, 9] . Nevertheless we have chosen in this paper to start with an approach due to Pham et al. in [2, 1] , easier to handle, based on the construction of a Riemann surface governed by the datum of a discrete filtered set. This provides the notion of endless Riemann surface. A germ of holomorphic functions that can be analytically continued to such a Riemann surface is by definition endlessly continuable.
Our main goal in this article is to show in a simple and rigorous way that the convolution product of any two endlessly continuable functions is endlessly continuable. Though inspired by [1] , our methods differ from these authors for key-arguments. The method that we present in this paper can be seen as an extension of ideas detailed in [12, 14, 16] for the case of holomorphic functions that can be analytically continued along any path avoiding closed discrete subsets of C. Consequently, we thought that our results were worth the attention of the specialists in this field of research.
The paper is organized as follows.
We introduce the notion of discrete filtered sets and their associated Riemann surfaces that we study properly (Sect. 2). We define endless Riemann surfaces and endlessly continuable germs of holomorphic functions and we make a link with the endlessly continuable functions of Ecalle (Sect. 3). The main result of the paper concerns the stability under convolution product and this is detailed in Sect. 4 . We end the paper with some open problems.
2. Discrete filtered set and associated Riemann surface 2.1. Discrete filtered sets. -The following definitions are adapted from [1] .
Definition 2.1. -A discrete filtered set Ω ⋆ centred at ω ∈ C is an increasing sequence of finite sets Ω L ⊂ C, L > 0, such that :
-for any L > 0, Ω L belongs to the open disc centred at ω with radius L;
The number ρ Ω⋆ (ω) = sup{L > 0 | Ω ⋆ L = ∅} is called the distance of Ω ⋆ to ω. Definition 2.2. -Let Ω ⋆ and Ω ′ ⋆ be two discrete filtered sets centred at ω ∈ C. Their union Ω ⋆ ∪ Ω ′ ⋆ is the discrete filtered set centred at ω defined by : for every
Their sum Ω ⋆ + Ω ′ ⋆ is the filtered set centred at ω defined by : for every L > 0, (
. Their fine sum Ω ⋆ * Ω ′ ⋆ is the filtered set centred at ω given by : for every L > 0,
If Ω ⋆ is a discrete filtered set, we remark that L>0 Ω L can be dense in C as it is shown in the following example.
This define a discrete filtered set Ω 1⋆ centred at 0.
Assume now that ω 1 , ω 2 , ω 3 ∈ C ⋆ are rationally independent, that is linearly independent over Z. We consider the three discrete filtered sets Ω 1⋆ , Ω 2⋆ and Ω 3⋆ centred at 0 defined as above. We note Ω ⋆ = Ω 1⋆ + Ω 2⋆ + Ω 3⋆ their sum. Then L>0 Ω L is everywhere dense in C. The conclusion is the same when Ω ⋆ = Ω 1⋆ * Ω 2⋆ * Ω 3⋆ is defined by fine sums.
For a given discrete filtered set Ω ⋆ centred at ω, its iterated fine sums n * Ω ⋆ = Ω ⋆ * · · · * Ω ⋆ n times makes a direct system (for the injections
, for every L > 0). The fine sums enjoyes the following property (the proof is left to the reader):
Ω ⋆ is a discrete filtered set at ω. 
, one defines their product (or concatenation) by
When the two paths λ 1 , λ 2 have same extremities, they are homotopic when there exists a continuous map H : [0, 1] × [0, 1] → X that realizes a homotopy between the standardized paths λ 1 and λ 2 . One will usually use regular paths. We recall that any path can be uniformaly approached by C ∞ -paths. For a piecewise C 1 -path λ, we denote its length by
2.3
. Ω ⋆ -allowed path, Ω ⋆ -homotopy. -The following definitions are inspired from [1] but for slight modifications (1) .
Definition 2.3. -For Ω ⋆ a discrete filtered set centred at ω ∈ C, one denotes by R Ω⋆ (L) the set of paths λ : I → C starting from ω and such that : -λ is C 1 piecewise and its length satisfies L λ < L; -λ is the constant path or there exists
2 → H t (s) ∈ C is a Ω ⋆ -homotopy if H has a continuous partial derivative ∂H ∂s and, for every t ∈ [0, 1], the path H t is Ω ⋆ -allowed. Two Ω ⋆ -allowed paths λ 0 and λ 1 with same extremities are Ω ⋆ -homotopic when there exists a Ω ⋆ -homotopy that realises a homotopy between the standardized paths λ 0 and λ 1 . For λ a Ω ⋆ -allowed path, we denote by cl(λ) its equivalence class for the relation ∼ Ω⋆ of Ω ⋆ -homotopy of paths in R Ω⋆ with fixed extremities.
It is quite important to understand what is the Ω ⋆ -homotopy and we make the following remark that we formulate as a lemma:
Lemma 2.1. -Assume that Ω ⋆ be a discrete filtered set centred at ω ∈ C and let H be a Ω ⋆ -homotopy. Then there exists a good (2) open covering
-for every i = 0, · · · , n and every t ∈ I i , H t belongs to R Ω⋆ (L i ).
-for every i = 0, · · · , n − 1 and for every t
Proof.
-From the very definition of a discrete filtered set, one can define an increasing sequence of real numbers 0 = l −1 < l 0 < l 1 < l 2 < · · · with the properties:
-Ω l 0 = {ω} and for any integer i ≥ 1,
One has H t⋆ ∈ R Ω⋆ (l i ) necessarily since H t⋆ is Ω ⋆ -allowed. We say that H t ∈ R Ω⋆ (l i ) for any t ∈ [0, 1] close enough to t ⋆ . Indeed, we remark that the map t ∈ [0, 1] → L Ht is continuous because of the existence and the continuity of the partial derivative 
and at the same time λ 1 not being homotopic to λ 2 in the usual way, when both are seen as paths in R Ω⋆ (L 2 ). Even, we may have λ 1 / ∈ R Ω⋆ (L 2 ), see Fig. 1 .
2.4.
Riemann surface associated with a discrete filtered set. -Definition 2.5. -Let Ω ⋆ be is a discrete filtered set centred at
• ω ∈ C. We set:
2. By "good", we mean that the covering has finite elements, that each of these element Ii is a connected interval and that there are no 3-by-3 intersections. We assume that Ω ⋆ is a discrete filtered set centred at 0.
are Ω ⋆ -homotopic, thus λ 1 and λ 3 are Ω ⋆ -homotopic despite the fact that
Remark that p −1 {
• ω} is reduced to a single point ω = cl(constant path). This is why one usually considers R Ω⋆ as a pointed space (R, ω).
Let Ω ⋆ be a discrete filtered set centred at
• ω ∈ C, and set ω = p −1 {
• ω}. One can endow R with a separated topology, a basis B = {U } of open sets defining this topology being given as follows (3) . (We adapt the classical construction of a universal covering [11] ). Let us consider a point ζ ∈ R Ω⋆ .
-Assume that ζ = ω. For some L > 0 we consider
where λ ∈ R Ω⋆ (L) is any path ending at -Suppose that ζ = ω. We choose a path
U is a star-shaped domain with respect to
consider a path λ 2 starting from • ξ]. Then the product λ 1 λ 2 belongs to R Ω⋆ (L) and we consider its Ω ⋆ -homotopy class ξ = cl(λ 1 λ 2 ). We note U the set of such points ξ. We now show that the system B = {U } made of these sets provide a basis for a topology on R Ω⋆ . Obviously, every element ξ ∈ R Ω⋆ belongs to at least one U ∈ B. Now assume that ξ ∈ U ∩ V , U , V ∈ B.
-If ξ = ω, then necessarily 
L is also a star-shaped domain with respect to
• ω to which is associated a W ∈ B that satisfies: ξ ∈ W ⊂ U ∩V . -Otherwise ξ = ω and ξ ∈ U ∩ V . There is no loss of generality in assuming also that ω / ∈ U ∩ V . Thus : -for some L > 0,
We show that the topology thus defined by B is Hausdorff. We consider two points ζ and ζ ′ in R Ω⋆ . Clearly if
This means that there exists ξ ∈ U ∩ U ′ that satisfies:
′ for its range. This implies that λ 1 and λ ′ 1 are in the same class, that is ζ = ζ ′ and we get a contradiction.
The topological space R Ω⋆ is obviously (arc)connected. Also, by the very construction of the topology, for every U ∈ B, the restriction p|
U is a homeomorphism. This means that R Ω⋆ is an étalé space on C (but of course not a covering space). We have thus shown the following proposition.
Proposition 2.1. -Let Ω ⋆ be is a discrete filtered set. The (pointed) space R Ω⋆ is a topologically (arc)connected separated space. With the projection p, the space R Ω⋆ is an étalé space on C.
When pulling back by p the complex structure of C, R Ω⋆ becomes a Riemann surface. From the very definition of the Riemann surface if (R Ω⋆ , p) associated with a discrete filtered set Ω ⋆ centred at
• ω ∈ C, every Ω ⋆ -allowed path can be lifted with respect to p into a path on R Ω⋆ with initial point
is continuous and is a lifting of λ from ω. This lifting is unique thanks to the uniqueness of lifting [11] .
We would like to point out a consequence of the topology considered on these Riemann surfaces. On Fig. 2 , we consider a discrete filtered set
ending at the same point ζ and Ω ⋆ -homotopic, cl(λ 1 ) = cl(λ 2 ). Also we have drawn a path λ 3 starting at ζ and ending at ξ such that the product path λ 2 λ 3 belongs to R Ω⋆ (L 2 ). We remark that λ 1 λ 3 / ∈ R Ω⋆ (L 2 ). The path λ 1 , resp. λ 2 , can be lifted with respect to p to a path Λ 1 , resp. Λ 2 , on R Ω⋆ with initial point 0 = p −1 {0} and common end point cl(λ 1 ) = cl(λ 2 ). From that point, λ 3 can be lifted with respect to p to a path Λ 3 ending at cl(λ 2 λ 3 ). We thus see that the path Λ 1 Λ 3 is well defined and p(Λ 1 Λ 3 ) = λ 1 λ 3 . This means that λ 1 λ 3 can be lifted on R Ω⋆ with respect to p from 0 despite the fact that λ 1 λ 3 is not Ω ⋆ -allowed. We say that ω 3 is a "removable Ω ⋆ -point" for λ 1 λ 3 . Definition 2.7. -Let Ω ⋆ be a discrete filtered set centred at
• ω 0 ∈ C and (R Ω⋆ , p) its associated Riemann surface. Let Λ be a piecewise C 1 path on R Ω⋆ starting from
2.5. Distance of a path to Ω ⋆ . -Let Ω ⋆ be a discrete filtered set. We consider a point ζ ∈ R Ω⋆ . For r > 0 small enough and since a disc is a star-shaped domain with respect to its origin, there exists a connected neighbourhood U ⊂ R Ω⋆ of ζ so If Ω ⋆ is centred at
and there is no risk of misunderstanding. Notice that the mapping ζ ∈ R Ω⋆ → ρ Ω⋆ (ζ) is continuous since
2.6. Some properties of the Riemann surface R Ω⋆ . -Proposition 2.2. -The Riemann surface R Ω⋆ associated with the discrete filtered set Ω ⋆ is simply connected.
Proof. -Let Ω ⋆ be a discrete filtered set Ω ⋆ centred at
• ω ∈ C and let (R Ω⋆ , p) be its associated pointed Riemann surface, ω = p −1 {
• ω}. Pick a non-constant closed curve Λ on R Ω⋆ . We want to show that Λ is null-homotopic. Since R Ω⋆ is arcconnected, one can suppose that Λ starts and ends at ω and there is no loss of generality in assuming that Λ does not meet ω apart from its extremities. Also, up to making a slight deformation of Λ in its homotopy class, one can assume that
2 where both Λ 1 , Λ 2 are paths starting from ω and ending at a point ζ ∈ R Ω⋆ with ζ = ω. We set λ 1 = p • Λ 1 and λ 2 = p • Λ 2 . Both λ 1 , λ 2 are Ω ⋆ -allowed paths, precisely their belong to R Ω⋆ (L). The path λ 1 , resp. λ 2 , can be lifted with respect to p from ω and, by uniqueness of lifting, corresponds to Λ 1 , resp. Λ 2 . This implies that λ 1 and λ 2 are Ω ⋆ -homotopic with ζ = cl(λ 1 ) = cl(λ 2 ). The Ω ⋆ -homotopy between λ 1 and λ 2 can be lifted with respect to p and this provides a homotopy between Λ 1 and Λ 2 . Therefore, Λ = Λ 1 Λ −1 2 is null-homotopic. Proposition 2.3. -Let (R Ω⋆ , p) be the Riemann surface associated with a discrete filtered set Ω ⋆ = Ω ⋆ (ω) centred at Proof. -We consider the Riemann surface (R Ω⋆ , p) associated with a discrete filtered set Ω ⋆ centred at
• ω ∈ C and set ω = p −1 {
• ω}. Pick a point ζ ∈ R Ω⋆ with ζ = ω and assume that ζ = cl(λ 0 ), λ 0 ∈ R Ω L 0 for some L 0 > 0. We consider a path λ (C 1 piecewise) starting form
• ζ and of length L λ . If L λ < ρ Ω⋆ (ζ), then λ can be lifted from ζ with respect to p : this is just a consequence of the topology considered on R Ω⋆ .
Assume now that λ satisfies the properties :
is the inverse path, Λ −1 [ε,t] . This Ω ⋆ -homotopy can be lifted with respect to p into a homotopy H : t ∈ [0, 1] → H t where, for every t ∈ [0, 1], H t : [0, 1] → R Ω⋆ is a path starting at ω. Therefore, the path Λ : t ∈ [0, 1] → H t (1) ∈ R Ω⋆ is a lifting of λ from ζ. This has the following consequences. There exists a discrete filtered set Ω ⋆ (ζ) centred at
such that every Ω ⋆ (ζ)-allowed path can be lifted on R Ω⋆ with respect to p from ζ.
2.7.
Seen and glimpsed points. -We denote by S 1 ⊂ C the circle of directions about 0 of half-lines on C. We usually identify S 1 with R/2πZ. 
Assume that Ω ⋆ is a discrete filtered set centred at ω ∈ C, θ ∈ S 1 is a given direction and
Definition 2.11. -Let Ω ⋆ be a discrete filtered set centred at ω ∈ C, θ ∈ S 1 and
Definition 2.12. -Let Ω ⋆ be a discrete filtered set centred at ω ∈ C, θ ∈ S 1 and L > 0. We denote by R(Ω ⋆ , θ, L) the set of piecewise C 1 paths λ that satisfy the conditions: -λ(0) = ω and L λ < L; -for every t ∈ [0, 1], the right and left derivatives λ ′ (t) do not vanish;
-when at least one point is removed from GLIMP ⋆ Ω⋆ (θ), then the above property is no more satisfied.
Proof. -We show proposition 2.4 by constructing GLIMP
is Ω ⋆ -allowed and thus can be lifted on R Ω⋆ with respect to p from p −1 {ω}. Therefore, we set GLIMP
given by proposition 2.4 is the set of glimpsed Ω ⋆ -points in the direction θ.
The symbol ≺ stands for the total order on
The glimpsed point ω 1 is the seen Ω ⋆ -point in the direction θ. The completed set of glimpsed Ω ⋆ -points GLIMP Ω⋆ (θ) in the direction θ is defined by GLIMP Ω⋆ (θ) = GLIMP
Remark 2.4. -The notion of glimpsed point can be defined in a simpler way but the presentation we have made here is fitted to the methods that we develop in the paper.
3. Endless continuability 3.1. Endless Riemann surface. -
given as an étalé space on C, is said to be endless if for every ζ ∈ R, there exists a discrete filtered set Ω ⋆ (ζ) centred at
• ζ = p(ζ) so that every Ω ⋆ (ζ)-allowed path can be lifted on R with respect to p from ζ. The following result is a direct consequence of proposition 2.3. Proposition 3.2. -Let Ω ⋆ be a discrete filtered set. Then the associated Riemann surface (R Ω⋆ , p) is endless.
Endless continuability. -

Definition 3.2 (Endless continuability)
. -A germ of holomorphic functions ϕ ∈ O ω at ω ∈ C is endlessly continuable on C if ϕ can be analytically continued to an endless Riemann surface. One denotes byR ω,endl the space of germ of holomorphic functions at ω that are endlessly continuable on C. When ω = 0 we use the abridged notationR endl =R 0,endl . Proposition 3.1. -A germ of holomorphic functions ϕ ∈ O ω at ω ∈ C is endlessly continuable on C if and only if there exists a discrete filtered set Ω ⋆ centred at ω such that ϕ can be analytically continued along any Ω ⋆ -allowed path.
Proof. -We suppose that ϕ ∈ O• ω is endlessly continuable, thus ϕ can be analytically continued to an endless Riemann surface (R, p). This means that there exist a • ω so that every Ω ⋆ -allowed path λ can be lifted with respect to p into a path Λ starting at ω. Since Φ can be analytically continued along Λ, one gets that ϕ can be analytically continued along λ as an upshot.
We now suppose that ϕ ∈ O• ω can be analytically continued along any Ω ⋆ -allowed path, where Ω ⋆ is a discrete filtered set Ω ⋆ centred at • ω. By proposition 2.3, the Riemann surface (R Ω⋆ , p) associated with this discrete filtered set is endless. To ϕ is associated a germ of holomorphic functions Φ at ω,
• ω = p(ω) that can be analytically continued along the path Λ starting from ω and deduced from any Ω ⋆ -allowed path λ. Since R Ω⋆ is simply connected, this implies that Φ can be analytically continued to a function holomorphic on R Ω⋆ . Definition 3.3. -If Ω ⋆ is a discrete filtered set centred at ω, one denotes byR Ω⋆ the space of germs of holomorphic functions at ω that can be analytically continued to the Riemann surface R Ω⋆ .
3.3.
Seen and glimpsed points. -We have introduced the notion of glimpsed Ω ⋆ -points (definition 2.13) associated with a discrete filtered set Ω ⋆ centred at ω 0 . If ϕ is an endless continuable germ at ω 0 that belongs toR Ω⋆ then, by the very definition of GLIMP 3.4. Continuability without cut. -We complete this Sect. with a brief comparison to Ecalle's endless continuability.
Definition 3.5 (Riemann surface without cut [8] ). -Let (R, p) be a Riemann surface given as an étalé space on C. This surface is said to be without cut if for every ω ∈ R, there exists a closed and discrete set sing(ω) ⊂ C that satisfies the following properties. Introducing
can be lifted homeomorphically on R with respect to p from ω. • ω r (see Fig. 3 ) can be lifted homeomorphically on R with respect to p to an open set W j ⊂ R containing ω.
3. if at least one point is removed from sing(ω), then properties 1-2 are no more satisfied.
One says that the point We note that in Definition 3.5, condition 3 is added so as to define the seen and glimpsed singular points. Definition 3.6 (Continuability without cut). -A germ of holomorphic functions ϕ ∈ O 0 at 0 ∈ C is said to be analytically continuable without cut on C if its Riemann surface is without cut.
There is the following relationship between endless continuability in the sense of definition 3.1 and continuability without cut. Proposition 3.3. -Let (R, p) be a Riemann surface. If R is endless, then R is without cut.
Proof. -We assume that the Riemann surface (R, p) is endless. We consider a point ω ∈ R,
• ω = p(ω) : there exists a discrete filtered set Ω ⋆ centred at • ω such that every Ω ⋆ -allowed path λ ∈ R ⋆ Ω⋆ can be lifted on R from ω with respect to p. We consider the line segment [
Assume that the line segment
and thus can be lifted by p from ω.
Consider an open rectangle W centred on (and thus neighbourhood of) [
, of length l+2l ′ and width 2l ′ where
• ω r } and for every
Now assume that W j is one of the 2 r simply connected open sets W j deduced from W by making lateral cuts at Fig. 3 ). Then for every 
between λ 0 and λ 1 , because W j is simply connected. Finally, since p is a local homeomorphism, p |W j is a homeomorphism between W j and W j .
Endless continuability and convolution product
For two germs ϕ, ψ ∈ O ω of holomorphic functions at ω ∈ C, their convolution product ϕ * ψ ∈ O ω is the germ of holomorphic functions at ω defined by the integral,
for ζ close enough to ω.
4.1. Endless continuability, stability under convolution product. -We state the main result of the paper.
Proof. -Part of our arguments comes from [13, 3] . We also use a construction made in [14, 16] for the case where Ω ⋆ , Ω ′ ⋆ are closed discrete subsets of C, and that simplifies the proof. The later is new up to our knowledge.
We first assume that the product path λ 0 γ is
L with fixed extremities, we can assume that γ is C 1 . (There is no loss of generality with this assumption).
We pick two functions
] that are C 1 (when C is viewed as a two-dimensional real Banach space) and satisfy:
L , and this implies γ(t) = ω + ω ′ which contradicts the hypotheses made on λ 0 γ. This means that the following non-autonomous vector field,
is well-defined, continuous and bounded,
X (ζ) ∈ C is C 1 and globally defined.
We start with H 0 = λ 0 and for every t ∈ [0, 1], we consider the deformation H t of H 0 along the flow X, precisely we set H t = g 0,t X (H 0 ). We get a mapping H : (s, t) ∈ [0, 1] 2 → H(s, t) = H t (s) with the following properties for every t ∈ [0, 1] (check them or see [14, 16] 
-H is of class -H s is of
H s is well-defined and has the following properties, for any s ∈]0, 1]: 
It is easy to see that the family of paths
is the flow associated with the non-autonomous vector field,
The above reasoning can be applied as it stands for H ⋆ and H ⋆ t has a (unique) lifting H ⋆ t with respect to p ′ from 0.
easily gets :
The path H ⋆(1−s) starts from the point H ⋆(1−s) (0) = λ 0 (1 − s) = H 0 (1 − s), thus the product of paths
The upshot is that for any
Therefore, only the points of the form (Ω ⋆ * Ω ′ ⋆ ) L actually matter for γ to get the homotopies H and H ⋆ . This property allows to extend the above construction when the product path λ 0 γ is
It is sufficient to remark that the restriction X| of X to C × [0, 1] \ K is still continuous and bounded, and the above arguments show that the deformation H t = g 0,t X| (H 0 ) of H 0 along the flow X| can be defined as well, and similarly for H ⋆ t . This ends the proof of the lemma. One can draw the following consequences from both theorem 4.1 and proposition 4.7, where we use classical notations in resurgence theory for which we refer to [16, 3] : Corollary 4.8. -The space of endlessly continuable functionsR endl makes a differential convolution algebra (without unit) on which the alien operators act. In particular, if Ω ⋆ , Ω ′ ⋆ are two discrete filtered sets centred at 0, then for any ϕ ∈ R Ω⋆ , ψ ∈ R Ω ′ ⋆ and any ω ∈ C 
In (2), the sum runs over all 
Conclusion
This article contributes to the resurgence theory in showing rigorously the stability under convolution product of endlessly continuable functions, thus adds a piece to the very foundation of this theory. We mention that the notion of endless continuability used in this paper is less general that this in [1] and a fortiori the endless continuability of Ecalle. We do not know whether our method could be applied to these more general frames or not, however we know no application where such a generality is needed.
Since theorem 4.1 brings in fine sums of discrete filtered sets, series like n a n ϕ * n , a n ∈ C can be defined on the endless Riemann surface R Ω ∞ ⋆ provided the uniform convergence of the series of any compact set of R Ω ∞ ⋆ . Such a result is given in [1] but for mistakes that have been corrected by Sauzin [15] for the case where Ω ⋆ stands for a closed discrete subset of C. Considering the natural link between our method and [15] , it is likely that Sauzin's work can be generalized to endlessly continuable functions.
Finally, and like mentioned in [13, 15] , extensions of theorem 4.1 for the so-called weighted products [9, 10] would be welcome so as to contribute to the knowledge on the exact WKB analysis or coequational resurgence [7, 4, 5, 6] . We hope to make some advances toward that direction in a near future.
